Page1 CS348B Lecture 16Pat HanrahanTopicsMC Integration - estimators, bias, varianceVariance ReductionnExpected valuesnImportance samplingnStratified samplingApplication to Rendering

Importance and Adjoints

CS348B Lecture 16Pat HanrahanEstimatorsQuantity of interestEstimatorConsistent estimatorUnbiased estimatorBias

Q q x x

( , , )

1 K N Q»

Q g x dx g x dx

=� �

101 201

( ) ( )

= = = � � g g i iN i iN 1 1 2 1 ( ) ( ) P Q N N lim( , , )

fi ¥ =

[ ]=

qx x1 1 K E Q q[ ] =

Bias E Q

= [ ] -q

Page 2

CS348B Lecture 16Pat HanrahanEstimators: error and varianceVarianceMean-squared errorExample: mean of samples from

MSE E Q

= -[ ]

( )q 2

Var E E

= -[ ]

( [ ])

q q 2

= +Var Bias2

Q = =12U[ , ]0 1q x

1 1 1

= =�N iiN q x 2 1 1 = = N iN i max E Q [ ]q 1 12= =

E Q O N

[ ] ( ( )) q 2 1

1= � +

Var O N

[ ] ( ) q 1 1 = q 2 12=xi

CS348B Lecture 16Pat HanrahanMonte Carlo Integration, Take IIGeneral integralMeasureThe basic estimatorWhat we get: a collection of �weighted samples� Can estimate several integrals at once:

I f x d x

=� ( ) ( )m

Wd xm( )

dA d dA d

, ,w wv v�

E f xp x f xp x p x d x I

( )( ) ( )( ) ( ) ( )

ØºŒ øßœ = =

�W mXi f Xp Xi, ( )( )

( )qj N f XpXiN j ii= =�1 1 ()()

Page 3

CS348B Lecture 16Pat HanrahanAs a 1D integral As a 2D integralMonte Carlo Integration Examples

0Mab

X U a b

~ [ , ]

q = = -fXpXbafX

( )( ) ( ) ( )

X Ua b U M

~ [ , ] [ , ]· 0 = - { >£

( ) , ( )

, ( )

b aM x f xx f x01 2 12 1 q = £[()](,) x f x p x x2 11 2

CS348B Lecture 16Pat HanrahanVariance ReductionEfficiency measureSome techniquesnExpected valuesnImportance sampling n Stratified sampling n

Russian roulette and splitting n Control variates, correlated, antithetic n Exponential transform

Efficiency∝ 1 Variance •Cost

Page 4

CS348B Lecture 16Pat HanrahanExpected valuesIdea: integrate analytically where possible.Can we compute ?Use instead since

I f x y dx dy

=� ( , )

f x f x y dy

2( ) ( , ) =� p x p x y dy q 1 = f XY p XY ( , )/ ( , ) q 2 2 2 = f X p X

( )/ ( )

Var Var

[ ] [ ] q q 2 1£

Var F Var E F X E Var F X

XY XY XY

[ ] [ [ | ]] [ [ | ]] = +

CS348B Lecture 16Pat HanrahanImportance SamplingDefinite integralVariance isEg. uniform sampling

q = - �

( ) ( )

b a f X I f x dx

ab=� ( )

q = f X p X

( )/ ( )

Var E I f x f xp x I dx

( ) [( ) ] ( ) ( )( ) q q= - = -ØºŒ øßœ �2 Var b a f x dx I

( ) ( ) ( ) q = - -

� 2 2

Page 5

CS348B Lecture 16Pat HanrahanImportance SamplingZero variance samplingUse distributions that are similar toEg.

p x f x Var

( ) ( ) ( )

� � =q 0f x( )

I x dx

=� cos( )p201p x Var

1 1 0 0947

( ) .

= � »

p x x Var

2 32 21 0 000990

( ) ( ) .

= - � »

CS348B Lecture 16Pat HanrahanIdea: distribute samples more evenlynrelated to jittered and quasi-random samplingndoesn�t help if all subregions have the same mean Stratified sampling

Two samples in [0,1]One sample in [0,0.5], one in [0.5,1]

Page 6

CS348B Lecture 16Pat HanrahanRendering Integrals, Take IISolution to the rendering equationCompute inner product / estimated fluxComplete rendering equation

CS348B Lecture 16Pat HanrahanRendering Equation: Two ViewsAs one complicated integral:As a recursive integration problem:

Page 7

CS348B Lecture 16Pat HanrahanMonte Carlo and Computer GraphicsDistribution ray tracing [Cook, Porter, Carpenter, 1984]Sample distributions during ray tracingSample all dimensions simultaneously1. Sample image plane: antialiasing2. Sample time: motion blur3. Sample lens: depth of field

4. Sample area lights: penumbra

5. Sample specular reflections: gloss

CS348B Lecture 16Pat Hanrahan Path Tracing [Kajiya, 1986]

Idea: sample the path space directlynMust be able to generate every path that contributesnTake into account the probability distribution n Compute one or more inner products / fluxes

Page 8

CS348B Lecture 16Pat HanrahanDiscrete Random Walksvon Neumann and Ulam; Forsythe and Leibler (�50)1.Generate random paths from source (receiver).2.Count how many terminate in state i.Wasow (�52) 1. Generate random paths from source (receiver). 2. Count how many pass through state i. Initialize

Creation

Emission

Termination

Capture

Absorption

Transition

Collision

Reflection

StatesCS348B Lecture 16Pat HanrahanFlux estimates - Cross sectionsEstimate fluxnacross a surfacenwithin a volume

Estimate variousquantities n absorption n scattering n reaction n

total flux

Page 9

CS348B Lecture 16Pat HanrahanMarkov ProcessAssign probabilities to each processCreation:Transition:Termination:Assuming a steady state process,Compute probability of being in state i

pi1 :probability of creation in state i pi, j :probability of transition i → j pi* :probability of termination in state i

(pi* =1− pi, jj∑ )

Pi1 = pi1

Pi2 = pj,ij∑ Pi1 = Mp1

LPin = pj,ij∑ Pin− 1 = Mn− 1p1

P_i = P_i^k_{k=1}^∞∑

(I − M)P = p^1

But this is the solution of

CS348B Lecture 16Pat HanrahanMonte Carlo AlgorithmDefine a random variable on the space of paths Path:

Expectation:Count the number of particles terminating in state jWeight:

Prob:

α ={ii,i2,K ,ik}

E[W]= P(α )W(α ) α∑ = P(α )W(α ) α ∈Αk∑ k=1∞∑ Wj (α ) = δik , j / pik*

P(α ) = pi11 pi1 ,i2 K pik−1 ,ik pik*

E[Wj ] = Kik∑k=1∞∑ pi11 pi1 ,i2 L pik−1 ,ik pik*

( ) δik , j / pik* ( ) i1∑ =[p1]j +[Mp1]j +[M2 p1]j +L

Page 10

CS348B Lecture 16Pat HanrahanShirley�s Radiosity AlgorithmProgressive refinement Monte Carlofor(i=0;i<n;i++) dP[i] = P[i] = Pe[i];for(b=0;b<nb;b++) for(i=0;i<n;i++)

Shoot dP[i];

dP[i] = 0;

for(i=0;i<n;i++)

L[i] = P[i]/(Pi*A[i]);CS348B Lecture 16Pat Hanrahan

Collision Estimator [Wasow]Count the number of particles passing through state jWeight:Is this better?

Wj (α ) = δim , j m=1k∑ E[Wj ] = Kik∑k=1∞∑ pi11 pi1 ,i2 L pik−1 ,ik pik* ( ) δim , jm=1k∑ i1∑ = Kim∑m=1∞∑ pi11 pi1 ,i2 L pim−1 ,im ( ) δim , j( ) K pim ,im+1 L pik−1 ,ik pik* ik∑ im+1∑ k=m∞∑ Probability that particle terminates=1 1 2 4 4 4 4 4 3

4 4 4 4 4 i1∑ Var[Wjc ]≤ Var[Wja ] iff pj* ≤ Pr[jnever returns to j] 2 − Pr[jnever return to j]

Page 11

CS348B Lecture 16Pat HanrahanEstimators1.Last event2.Collision events3.Point estimator (Next event) 4. Track length estimator

Complicated analysis ...

CS348B Lecture 16 Pat Hanrahan

Adjoint Rendering EquationOriginal operator equationAdjoint operator equationInner product / Estimated quantity

f,g = f(x)g(x)dx ∫ K(y,x)L(y)dy

∫ = S(x) ⇒ KL= S

K(x,y)L(y)dy

∫ = R(x) ⇒ K+L+ = R

Li,R = Li(x,ω)R(x,ω)drA•d rω ∫

Page 12

CS348B Lecture 16Pat HanrahanForward=BackwardTherefore, backward estimate equals forward estimatenJustification for eye ray tracingnvon Neumann and Ulam first used to solve alinear system for a single variable

R,L = R(x)L(x)dx

x∫= L(x) K(x,y)L+(y)dy y∫ dx x∫= K(y,x)L(y)dy y∫ L+(x)dx x∫= S(x)L+(x)dx x∫ = S,L+ KL= S K+L+ = R R,L =< K+L+,L>=< L+,KL>= S,L+

CS348B Lecture 16Pat HanrahanSymmetries of Rendering Equation

Li = GoLo

Lo = SoLi

Rendering equations

Li+ = GoLo+

L^i_+ = SoL^o_+

(I − SG)L o = L o e

(I − GS)L i i e

G

+

= G; S

+

= S o

+

= L o

+e

i

+

i Page 13

CS348B Lecture 16Pat Hanrahan�Importance�Biased estimatorImportance as the adjoint (Goertzel, 1949)

S(x0 )K(x0,x1)K K(xk− 1,xk)R(xk)

S̃(x0 )K̃(x0,x1)K K̃(xk− 1,xk)R̃(xk)

S(x0 )K(x0,x1)K K(xk− 1,xk)R(xk)

S̃(x0 )K̃(x0,x1)K K̃(xk− 1,xk)R̃(xk)

= S∫ (x)L+(x)dx

L+(x0 ) L+(x0 )L+(x1)L L+(xk− 1)L+(xk) L+(xk)

S̃(x) = S(x)L^+(x)

S(x)L^+(x) ∫ R̃(x) = R(x)

L^+(x)

K̃(x, ′x ) = K(x, ′x )L^+( ′x ) L^+(x)

CS348B Lecture 16Pat HanrahanImportanceZero variance because all paths yield the same answerOf course, computing adjoint is as difficult a solving the original equation.But, any approximation may improve things.Arvo and Kirk: bias rays towards lights and reflectionPattainak: Set importance of different surfaces

Finite element technique: Minimize <L+ ,

DKL>

Reference: Smits et al., Aupperle & Hanrahan

Page 14

CS348B Lecture 16Pat HanrahanSplitting and Russian RouletteWeight particles vs. terminatenTermination causes noisenWeighting better, but terminate those with smallweights n Russian Roulette

If (w < wc)

terminate with probability 1-wc if survive, w=w/wc (E[w]=(1-wc)*0+(wc*w/wc)=w) n Splitting

if (w > wm)

split into n particles with w=w/n